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Abstract 

We apply the new orbifold duality transformations to discuss the special case of 
cyclic coset orbifolds in further detail. We focus in particular on the case of the in- 
teracting cyclic coset orbifolds, whose untwisted sectors are ZA(permutation)-invariant 
g/h coset constructions which are not A copies of coset constructions. Because A copies 
are not involved, the action of 7L\ (permutation) in the interacting cyclic coset orbifolds 
can be quite intricate. The stress tensors and ground state conformal weights of all the 
sectors of a large class of these orbifolds are given explicitly and special emphasis is 
placed on the twisted h subalgebras which are generated by the twisted (0,0) operators 
of these orbifolds. We also discuss the systematics of twisted (0,0) operators in general 
coset orbifolds. 



*E-Mail: hllywd2@physics.berkeley.edu 



1 Introduction 



In Ref. [l| a construction of the stress tensors of all the sectors of all current-algebraic 
orbifolds 

42 (i.i) 

was given, where H is any finite group and A(H) is any //-invariant CFlH constructed 
on affine Lie algebra! - !. This technology employs new duality transformations among the 
sectors of each orbifold, and, in particular, the special case of cyclic permutation orbifolds 

— h^ 1 (1-2) 

Z A 1 ; 

was worked out in full as an illustration. 

The untwisted sectors of the permutation orbifolds v4(Z A )/Z A are described by the set 
of all Z A (permutation)-invariant CFT's A(Zi\), that is by all the Z A (permutation)-invariant 
affine- Virasoroii'§ constructions Lj b _j on affine g, where 

g = XjZld 1 , S 1 — 9, Z A (permutation) C Aut(g). (1.3) 

Here Z A (permutation) acts by permuting the copies {q 1 } at level k of the affine algebra on 
simple g. In this case the twisted current algebras of the twisted sectors are orbifold affine 
akebras0<00, and the duality transformations relating the sectors of the orbifolds v4(Z A )/Z A 
are discrete Fourier transforms. 

In this paper, we apply the results of Ref. |]J for A(Z\)/Z I \ to study the set of cyclic 
coset orbifolds 

(sfo) c MM (L4a) 



h(Z x ) C g, Z A (permutation) C Aut(h(Z x )) (1.4b) 

in further detail. These orbifolds, first delineated in Ref. 0, are the special cases in A(Z A )/Z A 
for which the Z A (permutation)-invariant CFT A(Z A ) is a coset constructionllBlli. In what 
follows, an algebra /i(Z A ) which satisfies ( |1.4b|) is called a Z A -covariant subalgebraQ of the 
ambient algebra g. 

Among the cyclic coset orbifolds, the cyclic coset copy orbifolds 

_ x^g/h)^ c (gfcy) (l 5) 

Z\ Z\ Z\ 



a Since the stress tensor T g of g defines a Z A (permutation)-invariant CFT, the property ( p..4b| ) is a necessary 
and sufficient condition so that the stress tensors T h ^i^ and T g / h (% x } also define Z A (permutation)-invariant 
CFT's. 
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are well-known examples whose stress tensors in the untwisted sectors are sums of A commut- 
ing copies. In these orbifolds, the action of Za (permutation) consists of cyclic permutations 
of the coset copies. The stress tensors of all the twisted sectors of all cyclic copy orbifolds 
are given in Ref. Q. The case of prime A was given earlier in Refs. [|T0| , |TT]| and copy orbifolds 
have also been studied in Refs. [I3-|IB|. As a consequence, our remarks will be minimal for 



these cases. 

We focus instead on a more intricate class of cyclic coset orbifolds called the interacting 
cyclic coset orbifolds§00 because their stress tensors in the untwisted sectors are not sums 
of A commuting copies. As a consequence, the action of Za (permutation) in the interacting 
coset orbifolds is generally more involved than the action of Za (permutation) in the coset 
copy orbifolds. The simplest examples of interacting cyclic coset orbifolds are the cases 



taa^ (L6) 



where $j dia „ is the diagonal subalgebra of g. The stress tensors and ground state conformal 



weights of these orbifolds are worked out in Ref. |IJ. As conjectured in Ref. ||10|| , some of the 
sectors of these orbifolds are Kac-Wakimoto coset constructions^^. 



Generalizing the simplest examples ( |1.6|) , we will construct here a large class {h(r], $)} 
of ZA-covariant subalgebras 

c{h(z x )}, MUo}) = 0diag (1.7) 

where rj and $ are defined below, and give all the stress tensors and ground state conformal 
weights of the corresponding interacting cyclic coset orbifolds 



Z>A Za Za 

Special emphasis is placed on the twisted h subalgebras (corresponding to each untwisted 
subalgebra h(r), $)) which are generated by the twisted (0,0) operators of these orbifolds. 
The systematics of twisted (0,0) operators in general coset orbifolds 

^ C ^21, h C g, HC Aut(g), H C Aut(h) (1.9) 

is also discussed, and App. ^ gives the (0,0) operators of the twisted sectors of the cyclic 
coset copy orbifolds (|1.5|) . The twisted (0,0) operators of coset orbifolds will be important 
in an action formulation of these theories, where one must learn to gauge these twisted 
subalgebras. 
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2 The Untwisted Sectors 



2.1 Notation 

In what follows, we assume that g in ( |1.3| ) is simple. Our notation for the currents of the 
ambient algebra g is 

Jg(z) = {Ja(i)(z)} = {H A (i)(z),E a{I) (z)} (2.1a) 

a = 1, dimg, 7 = 0, ...,A — 1, A — 1, rankfj, a G A(g) (2.1b) 

where the index 7 labels the copies of g and the index a runs over a general basis of g. The 
algebra of affine g 

[H A (r)(m),H B (j){n)] = 5 IJ km5 AB 5 m+n) Q (2.2a) 
[H A{I) (m), E a{J) (n)} = 5 u a A E a(I) (m + n) (2.2b) 

( N(a, P)E a+m (m + n) if {a + 0) G A(g) 

[E c ^ I )(m),E^j)(n)]=6 I j< a ■ H^{m + n) + kmS m+nfi if (a + (3) = (2.2c) 

y otherwise 
A,B = 1, ...,rankjj, a,/?GA(g), I, J = 0, A - 1, m,neZ (2.2d) 

holds in the Cartan-Weyl basis of g. 

The action of the automorphism group Za (permutation) on affine g is 

J a (i) ' = ^u{h a )J a (j), Wu(K) = <W,J mod a e Z A (permutation) C Aut(</) (2.3a) 

a = 0,...,A-l, ^£{1,.^}, ^^G{0,...,A-1} (2.3b) 
where p(a) is the order of the element h a G Za (permutation). 

2.2 The subalgebra /i(r/, $) C g 

The subject of this subsection is the construction of a large class of ZA-covariant subalgebras 
{/i(Za)}. The members of this class are labeled as h(rj, $), 

gDh( V ,<5>)e{h(Z x )}, -GZ+ (2.4) 

77 

where 77 is any positive integer that divides A, and $ is constructed for each choice of rj as 
follows. On the simple roots {cti G A (g)} of g, choose an integer- valued function 0(a») with 
values in the range to - — 1: 

to »7 

$ = {</>(«*)} : 0(o!j) G {0, 1}, i = l,..., rankfl. (2.5) 
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Therefore at fixed A, rj and q we will construct 



rankg 



iV(A,r / , ) = (A)— (2.6) 



ZA-covariant subalgebras h(rj, $). Next, we define a natural extension of 4>(oti), 

rankg rankg 

<p(a) = rii(c£)<f>(ati) when a = rii(a)ai, rij(a) G Z (2.7) 

i=l i=l 

which is defined on all roots a G A(g). 

Using (f)(a), we may now write the currents Jhfafy of the subalgebra /i(r?, $) 

= = {J3-^;o),^(z;o)} (2.8) 

in terms of the currents J a m of the ambient algebra g, 

A_i A_x 

Hf(z;o) = J2HA(r, j+ R){z), E*(z;o) = Y^e-^E a{m+R) {z) (2.9a) 

3=0 j=0 



(77, $) for £^ 
?7 for iif^ 



(2.9b) 

H A {i±X)(z) = H A(I) (z), E a{I±x) (z) = E a{I) (z) (periodicity for g) (2.9c) 



H2 v (z; o) = H%(z; o), £f ±r7 (^; o) = £f (z; o) (periodicity for h(rj, $)) (2.9d) 

- G Z + , R=0,...,rj-l, aeA(g), A = 1, rankg. (2.9e) 
77 



The periodicity relations in ( |2.9| ||,[|) are conventions 



The currents Jh(r),<f>) have the mode expansions 

H%(z; o) = J2 H A(m; o)z- m ~ 1 , E*(z; o) = £ £*(m; o>— 1 (2.10) 

m£Z m£Z 

and, using the algebra (|2.2| ) of affine g, one finds the subalgebra h(rj, $) 

[ffj?(m;a),ff|(n;o)] = m <Wm+n,o (2.11a) 

V 

[H*(m; o), £f (n; o)] = 8 RS a A E* (m + n; o) (2.11b) 



[EX(m;c),El(n;o)] (2.11c) 

( N(a,f3)E R +/3 {m + n;o) if (a + (5) e A(g) 

= 5 RS l a-H R (m + n;o) + ±km6 m+nfl if (a + 0) = 
[ otherwise 
A,B = 1, ...,rankg, a,/?GA(g), i2, S = 0, rj - 1, m,nGZ. (2. lid) 

This algebra consists of r\ commuting copies of affine g at level -k, where the copies are 
labeled by the indices R and S. 

The algebra fl2.11|) of h(r], $) has no explicit 0(a) dependence, but the induced action of 
the Z A automorphism Q2.3| ) on the currents Jh(r),$), 

H*(m; o) ' = H R+a (m; o), E R (m; o) ' = e ^f +ff (m; o) (2.12) 



is different for each h(rj,<&) (see App. jBj) . In fl2.12|) , the symbol [x\ is the greatest integer 



less than or equal to x. A short calculation shows that E R ' and H R ' in ( |2.12| ) also satisfy 
the algebra ( |2.11| ), which means that Za (permutation) is in Aut(h(rj, $)). It follows that 
each h(r), $) is a Z A -covariant subalgebra of g. 

As an example of these subalgebrasf], consider the subalgebra h(l, {0}) for all g and A, 
where {0} means (f>(aii) = 0, Vc^. For this choice, one finds that 

A-l A-l 

HT\z- o) = "£H A{I) (z), E r =\z- o) = Y,E ai i)(z) (2.13a) 

7=0 7=0 

% = l;^ = {0})=fldta« (2-13b) 
so that the Z A -covariant subalgebra is the diagonal subalgebra of g. This is the ft, subalgebra 
of the simple case in (|1.6|) . 

As another example consider the ambient algebra 

g=x 2 i=oQ I , d I = Q = SU(2) (2.14) 
with simple root a. This has a ZA-covariant subalgebra h(r] = 1, {4>{o) = 1}) whose currents 

H R =\z- o) = H {0) (z) + H {1) (z) + H {2) (z), (2.15a) 

E R =°(z; o) = E± a(0) (z) + e ±2 f i E ±a(1) (z) + E ±a{2) {z) (2.15b) 

generate an affine 377(2) at level 3A;. Here i7(/) and E± a m, I = 0,1,2 are the Cartan 
generator and root operators of S77(2) J . 

b The trivial case h(X, $) = g is not useful in the coset constructions below. 
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2.3 Affine-Sugawara and coset constructions 

The affine-Sugawara constructionlSiihfil on g 



is 



T 9 = ok + Q S : J *(i) J Hi) ■ ( 2 - 16a ) 



Axdimg 2fc + r _ Q , , rl , 

c g = ~-, x = — e Z + , ft, = — 2.16b 

a, 6 = 1, dimg (2.16c) 

where x, h, if) and Q are respectively the invariant level, dual Coxeter number, highest root 
and quadratic Casimir of g. In the text below, including the twisted sectors of the interacting 
coset orbifolds, these quantities always refer to g and affine g. 

The reader should bear in mind that, here and throughout this paper, :(•): means OPE 
normal ordering@0'S. 

The affine-Sugawara construction on the subalgebra h(j], $) is 

1 17— 1 rankg 

T K^) = ^7—7T £( £ : H a{°)H%{o) : + £ : E 5(°)&M ( 2 - 17a ) 

l r 1 K + L * R=o A=l QG A(g) 

Axdimg 

c fc(»?.*) = I T (2.17b) 

-x + Al 

because the algebra h(rj, $) is embedded at level -A; in affine g. In what follows we will 
suppress the explicit A and a summations above. 
Another form of this stress tensor is 

A-l 

Th(r],$) = £ [Lj-l ■ Ha(j)H A ( L ) : +Lj_ L : E a (j)E- a (L) :] (2.18a) 

J,L=0 

1 1 2wi{ J-L)<jy(a) 

Lj-L = —zbj-Lfi mod 77) = oA , , ^ 1 <$J-L,0 mod r? (2.18b) 

2-k + Q 2-k + Q 



in terms of the ambient currents J g . The form in ( |2.18| ) shows that all the subalgebra 
constructions Th( v ,<s>) are ZA(permutation)-invariant CFTs because the inverse inertia tensors 
L depend only on the combination J — L (see Ref. [Q). 

Finally we may use K-conjugationBSiiBi to obtain the coset constructionsSEMl 



T g /h(r,,<s>) —T g — T h ^) (2.19a) 



Cj/hfo,*) =Cg~ Ch{r,^) = Axdimg(^ T - 1 ~ ) (2.19b) 

x + h -x + h 
v 

which describe the untwisted sectors of this class of interacting cyclic coset orbifolds. 
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3 Twisted Currents 



3.1 The ambient twisted algebra Q p ( a \ 

In Ref. 0, a general prescription is given to obtain the twisted ambient algebra of each 
sector cr of any orbifold A(H)/H. One begins with the action of the automorphisms on the 
ambient currents J g 

J g ' = u(h a )J g , h a G H C Aut(g). (3.1) 

The matrix uj(h a ) defines an eigenvalue problem whose eigenvectors U g (a) generate the g 
eigencurrents 

J g {a) ~ U g (a)J g (3.2) 

with diagonal response to the automorphism u(h ff ). The twisted g currents J g (cr), which are 
the ambient currents of each twisted sector a, 

J g (a) J g (a) (3.3) 

then satisfy the same OPE's as the eigencurrents. The diagonal monodromies of J g {<j) are 
controlled by the eigenvalues of uj{h a ). 

In the case0 of the cyclic permutation orbifolds A(Z\) the matrices uj[h a ) are given in 
Eq. (|2.3| ), and one obtains the twisted g currents Jg,-. of sector a, which satisfy the orbifold 
affine algebra Q p ( a )'- 



^,M^M=M P(g)fa ^r P ''' + ^ffift + OH* - «)•) (3.4b) 

r 

iS)(m + - L T )|0) CT = when m + — - > (3.4d) 



p{a) p(a) 



0,( CT ) = xjS g J p(CT) , <r = 0,...,A-l (3.4e) 

o,6 = l,...,dimfl, r,s = 0, ...,p(a) - 1, j, Z = 0, — ^- - 1. (3.4f) 

Here j, / label copies jj^^ of an orbifold affine algebra on simple g, with twist classes labeled 
by r, s. The quantity p(a) is the order of each copy and also the order of the automorphism 
h a G 7L\. The orbifold affine level of each ff 1 ,, is 

k(a) = p(a)k (3.5) 
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where k is the level of the affine algebra (|2.2p . In what follows, Q p ( a ) is called the ambient 
orbifold affine algebra of sector a. 



3.2 General twisted subalgebras 

A central problem which arises in general coset orbifolds 

C ^P-, hcg, He Aut(g), H c Aut(h) (3.6) 
H H 

is to find the twisted h currents with diagonal monodromy. The analysis of Ref. [l[ for the 
ambient algebra g can also be applied, mutatis mutandis, to the if-covariant subalgebra h, 
with attention to the embedding of affine h in affine g 

Jh = MJ g (3.7) 

where M is the embedding matrix in the untwisted sector. 

The induced action of the automorphism group H on the currents Jh has the form 

Jh = V(a)J h (3.8) 

and the matrix Q(a) defines an induced eigenvalue problem whose eigenvectors Uh{cr) gen- 
erate the h eigencurrents 

Jh(<r) ~ U h (a)J h = U h (a)MJ g = U h (a)MUl(a)J g (a) (3.9) 

whose response to Q(cr) is diagonal. The twisted h currents Jh, 

J h {<?) -> M<y) (3.10) 

satisfy the OPE's of the h eigencurrents, with diagonal monodromies controlled by the 
eigenvalues of Q(a). Moreover, with Eqs. ( p.3|) , ( |3 .9|) and (|3.10| ), we see that Jh is embedded 
in the ambient twisted algebra as 

J h (a) ~ M(a)J g (a), M{a) = U h {a)MU^a) (3.11) 

where M(a) is the embedding matrix of sector a. 

The general twisted h currents Jh are further discussed in Subsec. and Appendix [A| 
gives an application of this procedure to the simple case of the cyclic copy orbifolds. 
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3.3 The twisted subalgebra h(r}, $,cr) c Q p ( a ) 
For our class of interacting cyclic coset orbifolds 

(fcfe) c ^( z a) 



Z> 



Z> 



z> 



(3.12) 



the embedding matrix M of the subalgebra h(i], $) is specified in Eq. (|2.9a ). In the discussion 
below, we will use the notation 

Mn&Az) = {J^ r) (^o;a)} = {H^ r \z;o;a),EW(z;o;a)} (3.13a) 

h{rj,$,<T) Cfl p((7) , %,$,0) = p(O )=i = 5 (3.13b) 

for the twisted h currents of sector a, which generate the twisted subalgebras h(r), $, a). 
Starting from (|2.9|) and Q2.12|) , we obtain the explicit form of the twisted currents Jh(r),<s>,a)i 



x — - 2irijrN(o-)P „ f Pi a )l t r \ 



3=0 



pi*. 



j=0 



// = //(^,(t) = gcd(r?, -r-r), 

X 



G Z+ 



V 



G Z H 



P = P(r],a), P{r],a 



, =lmod^, P^^Gjl,...,^} 



i?, £ = 0, ...,// — 1, r, s = 0, ... 



?7 



a = A - 1 



(3.14a) 

(3.14b) 

(3.14c) 

(3.14d) 
(3.14e) 



in terms of the currents J Sp{{j) of the ambient orbifold affine algebra ( |3.4| ), where z=gcd(x, y) 
is the largest integer such that x/z, y/z G Z. The result ( |3.14|) summarizes the embedding 
matrix of sector er. 

The OPE's of the twisted currents Jh( v ,<s>,a) follow from those of g p ^ in 



H A ' K '(z; o; a)H B A >(w; o; <x) = 5^ — ^ + 0((z - w) u ) 



(z — w)' 



H^ r \z;o;a)E s J s \w;o;a) = 5 



a A E a 



R,(r+s), 



RS- 



z — w 



+ 0({z-w) ) 



(3.15a) 
(3.15b) 
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E^ r \z;o;a)E S / s \w;o;a) 



N(c 



h 0((z — wr) 

z—w w 'I 



(3.15c) 
if (a + (3) G A(g) 



2— ^ H 2 _J 7 + - w) u ) if(a + /?) = 



(z— Ml) 

0((z-w)°) 

R, S — 0, ii — 1, 



otherwise 



r,s = 0, 1. 



(3.15d) 



These OPE's are isomorphic to the OPE's of fi copies of order 7///1 orbifold affine algebra 
taken at orbifold affine level A/c//i, where the copies are labeled by the indices R and S. The 
number of copies and the order can be read from ( |3.15d|) , and the order 7]/fi also appears in 
the central terms of (|3.15|) . As a check on these quantities, recall that 



(orbifold affine level) = (order) -(affine level) 

At) = (?) ■ (-*) 



(3.16a) 
(3.16b) 



where ( |3.16a| ) is a general property of orbifold affine algebra and -k is the level of the 
untwisted algebra h(r], <3>). 

The system ( [3.15D is distinguished however from an orbifold affine algebra by the mon- 
odromies 

H% {r \ze 2m - o; a) = e~ 2 ^ H% {r) (z; o; a) (3.17a) 

E^ r \ze 2 ™; o; a) = e' 2 ^^^ E^ (z; o; a) (3.17b) 

of the twisted h currents Jh(ri,<s>,cT), which also follow from (|3.14f) . To see the consequences of 
this difference, we use the mode expansions 

\ \ ^ -m-l-- 

r ) = 2^ z 



H A A '{z;o;a} 



R,(r), 



m + 



mez 



T}/fi 



(3.18a) 



£f(r) ( 



Z: o:cr 



-,..-i-+-^ 6 W, m + J_ + ?m 



7J/7I A 



r}/fi 



(3.18b) 



which follow from the monodromies in Eq. ( p.l7| ). Then, ( |3.15| ) and ( 3.18 ) give the twisted 
subalgebra h(r), $, a) C p((T) : 



R,(r) - r 



[m + 



3,(8) 



S /\k IT 

> + 7777;)] = + ^)<U*=frO 



^• (r) (m + ^),^W(n+ S 



7///X' 



T}/fi 



acf)(a) 
X 
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)] 



(3.19a) 
(3.19b) 



r + s achia) 



5 RS a A E^ r+s >(m + n + —— + 



A 



^ a .^(^)( m +n+^) + M( m+ ^ + ^))5 m+n+ ^ iQ ifa+/? = 



(3.19c) 



if A( fl ) 

if q;+/3 = 

otherwise 



R, S — 0, }J, — 1, 



n ^ 1 
r, s = 0, 1 



a = 0,...,A- 1. 



(3.19d) 



As we will discuss in the following section, algebras of the form ( |3.19| ) are known in the 
literature. 



3.4 Doubly-twisted current algebras 

To identify the twisted h subalgebras (|3.19|) , we first introduce the fundamental weights {Aj} 
of 

a 2 

Xi ■ aj = bij^, i,j = 1, ...,rankfl (3.20) 

and the vector d, 

d A = -%±^t, A =1,..., ranks (3.21a) 

uA af 
r i=i 1 

Ma) = -^d '■ a. (3.21b) 
Then, using (|3.21b| ) we can rewrite the induced action Q2.12j ) 

H*(m) ' = ^ +CT (m), E5(m) ' = e h E^(m) (3.22) 

of Za (permutation) on the subalgebra. The twisted subalgebra h(rj, $, a) can also be rewrit- 
ten in this notation as 



[JZjM(m + - r ), H S / s \n + -—)} = 5 AB 8 RS —(m + )6 m+n+ ^ fi (3.23a) 
[ft? {r \m + ffiWfo + s ~ f • a )] (3.23b) 



6 RS a A E«^(m + n+ V + S d ' a ) 
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(3-230 



N(a,P)E^; +s \m + n+ r+ % d < a+f3) ) if «+/? G A( ) 

5 RS <! a.^(^)( m +n+^) + M( m+ rg f)5m+n+ ^ )0 if«+/5 = 

otherwise 

R,S = 0,...,/i-l, r,s = 0,...,- - 1, ct = 0,...,A-1. (3.23d) 

A 4 

This form of /i(?7, $, a) is recognized as /z = ^(r], a) commuting copies of a doubly-twisted 
current algebraS. 

The doubly-twisted current algebras correspond to affine algebras which have been simul- 
taneously twisted both by outer automorphisms 7L\ (permutations) and inner automorphisms 
[d 7^ 0) of q. Equivalently, doubly-twisted current algebras are inner-automorphically twisted 
orbifold affine algebras. The doubly-twisted algebras have an order (in this case f]/^) and 
a level (in this case A/c//i), which are the order and level of the orbifold affine alg ebraBEH 
before the inner-automorphic twist. 

The origin of these algebras in this problem can be understood from Eq. ( 3.22 ), which 
shows that the induced automorphism Q on is a combination of the permutation au- 
tomorphism (R —>■ R + a) and an inner automorphism (the phases). In turn, the inner 
automorphisms can be traced to the form fl2.9a| ) of the root operators of the untwisted 
subalgebra h(rj, $) 

E*(z,o)=J2 E «(vi+R)( z )" ( 3 - 24a ) 

3=0 

E a ( V j+R) = e = E a{v j+n) = iyqj + R)E a{r]j+R) ^(r]j + R)~ (3.24b) 
£(r)j + R) = e 2 ™^ d - H (vi+R)(°) (3.24c) 

where Ea^j+fy" is inner-automorphically equivalent to E a ^j + Ry 

In special cases, the doubly-twisted subalgebras reduce to singly-twisted subalgebras: 
When the inner-automorphic vector d vanishes 

d = <S> $ = {0} (3.25) 

then the subalgebras h(rj, 0, a) are orbifold affine algebras (see also Subsec. |5TT| ). When d ^ 0, 
rj = 1 (and hence /i = 1) the twisted subalgebras are inner-automorphically twisted^E^ 
affine Lie algebras on simple q (see also Subsec. 5^). When d ^ and 

-A- E Z, fi = r) ± 1 (3.26) 
p(a)r) 
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the twisted subalgebras consist of 77 copies of inner-automorphically twisted affine Q (see also 
Subsec. ^75|) . 

We emphasize that the doubly-twisted algebras ( |3.23j ) are subalgebras of orbifold affine 
algebra. The explicit form of the embedding 



X 



E^)( m+ 1 —±^) (3.27b) 

Tj/fJ, 

p(a)u~^ , , p(a)Uj i p(cr)<T i / \ 

V-v 2^ij(jv( CT )r-^( a »p 2^0(c) ,(fWg r+ ^( a )) *:^r + ^^0(a) 

= 2^ e e VM ^W+Jl) (™ + — 77777 ) 

3=0 rV ; 

r z ^a = ^ + ^a) | K^ r+ ^ 0(a)eZ+ (3 , 7c) 

r///i p(a) 77 A 



follows from the discussion above. It has been further observed in Ref. 10 that outer 



automorphically twisted affine Lie algebras^ also occur as subalgebras of orbifold affine 
algebras. So the orbifold affine algebras contain (as subalgebras) examples of all standard 
twisted current algebras. 

It may also be possible to find interacting cyclic coset orbifolds whose twisted h subalge- 
bras are "triply-twisted" current algebras, which are twisted as well by outer automorphisms 
of simple q. 

4 Stress tensors of the twisted sectors 
4.1 Systematics 

The Z^-invariant CFT's A(Z\) are described by the stress tensors 

T = Lf_j : J a{I) J h{J) :, a = (4.1a) 

Lt = L% = Lf ±x , K = 0,..,A-1 (4.1b) 

where Lj b _j is any solution of the Virasoro master equationi'iS (VME) with cyclic permuta- 
tion symmetry. The explicit form of this consistent subansatz of the VME is given in Ref. [|TJ. 
Then, the duality transformations of Ref. M give the stress tensor for each twisted sector 
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a of all cyclic permutation orbifolds A{Z\)/Z\ in terms of the twisted currents j^A of the 
ambient orbifold affine algebra Q p r a \ in Eq. (|3~4l ): 

f a (z) = E Cf&®{<T) : %{z)J^\z) :, a=l, A - 1 (4.2a) 

r=0 j,l=0 

C^\a) = — £ e-^^L a \ (4.2b) 
p(a) ^— ' pm s+j 1 

The relation in ( |4.2b| ) is the duality transformation from the inverse inertia tensor L of the 
untwisted sector to the inverse inertia tensor C of the twisted sector a. The integers N(a) 
and the ground state conformal weights A (cr) 

f a (z) = J2 L «Mz- m ~ 2 , L a (m > 0)|0) ff = 5 mfi A (a)\0) a (4.3a) 

m 



i=o 



r=0 



2p» 



(4.3b) 



Afcr/ afe p 2 (<r) - 1 ra6 \- j itN((t)s Tab 



4p 2 (a 



3=1 



a = 1,...,A-1 



are given in Ref. 0. The central charge c(cr) = c of the twisted sectors is the same as the 
central charge of the untwisted sector. 

The stress tensors, central charges and ground state conformal weights of our interacting 
coset orbifolds 



.h(»?,*)< 



Zy 



(4.4) 



are easily obtained from Eq. (|4.3b ) and the duality transformations ( 4.2b ). The form of 
these results 

(4.5a) 
(4.5b) 



T Spia) /h( v ,$,<r) - T Sp(a) - Th^rf, a — 1, A - 1 



a ) = ( Tg/h( V ,$) ) c 



1 



x + h -x + h' 
v 



(4.5c) 
(4.5d) 
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follows from the linearity of the duality transformations and the linearity of K-conjugation, 
and shows that these coset orbifolds can be understood in terms of the component orbifolds 
gjTL\ and h(j], $)/Z^. Here the various stress tensors of the twisted sectors are obtained by 
the duality transformations 

T a -* T M°V T Kn&) ~^ Thin,®,*), T g/H V ,<f) -> f Sp{a)/h(r) ^ )a) (4.6) 



of each component of T g / h ^ ^ in fl2.19a| ). In the following subsections, we will consider these 
component orbifolds separately. 

Similarly, one finds for general coset orbifolds (g/h)/H that 

[f {jlM ) a = (T* ) a - (Ta), (4.7) 

H H 

so the general case can be understood in terms of the component orbifolds g/H and h/H. 
4.2 The WZW cyclic orbifolds g/Z x 

For each WZW cyclic orbifold the set of stress tensors in the twisted sectorsB 



Ax dimg , Axdimg 1 

c -> =c » = ^tf- (Ao) »"- = ^tk) {1 - m ] (4 - 8b) 

is a list of <T-dependent orbifold affine-Sugawara constructions000. 
4.3 The orbifolds %,$)/Z A 

Substitution of the inverse inertia tensor fl2.18b|) into the duality transformations (|4.2b|) 
yields (see App. [B]) the stress tensors of the twisted sectors of the orbifolds h(r], <3>)/Za: 



PO)- 1 p(t) 1 



A r=0 j,Z=0 

1 1 2^(j^i)PiV(a)r 

£ r" (*) = ^7; 2 A fc + g e " (CT) *7-l,0 mod ^ mod ^ (4.9b) 

1 1 2 T i(j-Q0(q) 2^(^i)P(Af( g ) r -0(q)) 

( ff ) = ^7; 2 A A . + g e A e PM ^l,Omod^ (ff)ri ^ )mod ^ (4-9c) 
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Axdimg 

Ch(r),<S>,a) = Ch(r],$) = "T f , (4.9d) 

-X + Al 
»7 



(Ao)fc(,,*,,T) = - tt^ ; ~ [dimg(p(<r) 2 - 1) 



o 2/ 7r -R ? 7^( ")\/ 1 ,2-KRri(f)(a) . ., rt . 

iJ=l FV y ^ «6A(0) FV y ^ 

a E A(g), A = 1,..., ranks, j, / = 0, - 1. (4.9f) 

We note that the ground state conformal weights in ( |4.9e[ ) depend in general on the inner- 
automorphic parameters 0(a) ~ d ■ a. 

When the order A of a cyclic permutation orbifold is prime, every twisted sector a has 
order p(a) = A and so j = I = 0. Moreover /1 = 1 so R = S = 0. As a result many of the 
expressions above simplify, and one obtains in particular 

iJ A ' w (mH —) = H A 1 (m-\ — ) (4.10a) 

A A 

<jd){a) + -r crd)(a) + -r 

E R=o,(r)( m + ^ > v ) = £ W( a)+ V,) (m + yi ; g_ ) (4.10b) 

A A 



'/ w r,0 mod ^ , , °r 



AS 

, , , ' u r,0 mod — , , u r,ad>(a) mod — 

A, 5 = 1,..., rankg, a,/3eA(g), r, s = 0, ri - 1, - G Z + (4.10d) 

77 



from (]3.14|) and (|4.9| ). When $ = {0}, these twisted h currents generate the subalgebras 



Q„ C g A of orbifold affine algebra identified in Ref. [0. 



4.4 The orbifold afRne-Sugawara constructions of h(r], $)/Za 

The stress tensors ( |4.9| ) of the twisted sectors of the orbifolds h(r},$)/Z\ take the simpler 
form 

=^EE : (^ (r) (o)^ H (o) + « (r) (o)^(o)) : (4.11a) 

ZAK -f W R=o r=Q 

a = l,...,A-l (4.11b) 
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when written in terms of the twisted h currents J h(r), This form shows that the stress 
tensors Th{ri,<s>,cr) are nothing but the appropriate orbifold affine-Sugawara constructions^ on 
the twisted subalgebras h(r),&,a). 

To understand this, recall that h(rj, $) is embedded in affine g at level and the OPE 
formf] ( |3.15| ) of h(r], $, a) has orbifold affine order rj/fi. Then the prefactor in ( [4.11| ) can be 
computed via the map 

(level of affine g) k —> -k (level of affine h(r], $)) (4.12a) 

V 

(order of g p((j) ) p — > - (order of h(rj, $, a)) (4.12b) 

(prefactor of f Sp J J^) - (^X^g) (P refactor of fy,,.,,)) 

(4.12c) 

from the prefactor of the orbifold affine-Sugawara construction T g in ( |4.8| ). 

4.5 Twisted (0,0) operators of the interacting coset orbifolds 

The untwisted currents Jh of a general coset construction g/h are (0,0) operators of T g / h , 
and this situation applies in the untwisted sector of the general coset orbifold 

t^-C^p-, hcg, HcAut(g), H C Aut(h). (4.13) 
H H 

Then, the duality algorithm of Ref. tells us that the twisted h currents Jh of a general 
coset orbifold (see Subsec. |3.2| ) are also twisted (0, 0) operators 



T g/h {z)J h {w) = 0{{z-wf) -> f g _g{z)J h {w;a) = 0{{z-wf) (4.14) 

in the twisted sectors of the general coset orbifold. In what follows, we verify this explicitly 
for our class of interacting cyclic coset orbifolds. 

By explicit computation@0 with the form ( |4.11| ) and the OPE's ( |3.15| ), we find that 



f^J^J^iw-o^) = T h{T ,^ a) (z)jW(w-o;a) (4.15a) 



d, 



(z — w) 2 z — w 



+ ^^)J^ r \w;o;a) + 0((z-w)°) 



Although h(rj,$,a) in ( 3.19 ) is not an orbifold affine algebra, it is the OPE form of an algebra that 



determines^ the Virasoro constructions. 
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[L Ma) {m),H^ r \n+^)\ = [L h{rh ^ a) (m), H^ r \n + (4.15b) 

-(n + ^)H*' {r) (m + n+ ' 



[L B « o) {m),E^\n + ^ + ^)] = [L h{ ^ ] ( m ),E^\n + ^ + ^)} (4.15c) 

. r o-(f)(a). » flW . r o"0(a). 

As expected, the currents of the /i(?7, $, a) subalgebra are "twisted (1,0) operators" of T g (tr) 
and T h r Vj $ )a }, and hence twisted (0,0) operators 

T Ma)/h{ ^) (z) J^ r \w; o; a) = 0((z - w)°) (4.16a) 

(4.16b) 

in each sector of the interacting cyclic coset orbifolds. 

In an action formulation of coset orbifolds, one must learn to gauge these twisted h 
subalgebras. The twisted (0,0) operators of the cyclic coset copy orbifolds are discussed in 
App. 0. 



5 Examples 



The components for g/'Lx in (|4.8| ) and h(rj, in (^.9| ) and ( 4.11 ) are now easily assembled 



into the stress tensors and ground state conformal weights of the twisted sectors 

T QpM / h ( v ,<s>,a) = T Ma) - T h{v ^^ } , a = 1, A - 1 (5.1a) 

c„ w /fc(„,*,«T) = Cg/hfa*) = Axdimg(^y - 1 ) (5.1b) 

x + h -x + h 
v 

(A O ) 0p(CT) /fc(r,,$,<T) = (A ) Sp{(j) - (A ) /»(,,,*,*) (5.1c) 

of these interacting coset orbifolds. The examples below use the orbifold affine-Sugawara 

form (4.11) for Tu v ^ j(T \ in terms of the twisted h currents, while the alternate form of 



Th(r),<s>,o-) m ( |4.9|) is used in Appendix |C| to write the coset stress tensors entirely in terms of 



the inverse inertia tensors L and £ and the ambient algebras g and p ( cr ). 
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For the first three examples, we return to the general basis 

J 9 = {Mi)}, i flp(CT) = {ijg,}; Jfc (f| ,») = R*(°)}, 4(^, CT) = { if ' (r) (°; *)} (5.2) 

of the ambient algebras and their subalgebras. Moreover, we will suppress the sector label 
cr of the twisted h currents. 

5.1 All A and 77 for $ = {0} 

These are the interacting coset orbifolds 



9 k \ x^di 
h(v, {0})J V^fll 



(5.3) 



Z A Z A 

where is the level of q 1 . In these cases the untwisted subalgebra h(r], {0}) is generated by 
Ja = ^2 J a( V j+R), a = l,...,dimg, R = 0, rj - 1, a = (5.4) 

j=0 

so that /i(?7, {0}) is composed of 77 copies, labeled by i?, of affine g at level The twisted 
subalgebra h(r], {0}, a 7^ 0) is generated by the twisted /i currents 

p(<y)u, ^ / 



a r, / \ V ■> i /I t / / J 1 V I O J ^ ^ LJ_ 7" 



3=0 



[J^)(m+^),jf^(n + -^-)] (5.5b) 



a = 1, A — 1, R, S — 0, \i — 1, r, s = 0, 1 (5.5c) 

/1 

where /1 = /x(r/, a) is defined in fl3.14|) . This is the algebra of \i copies of an order rj/fj, orbifold 
affine algebra with each copy at level Xk/fi. 

The stress tensors, central charges and ground state conformal weights of these interacting 
cyclic coset orbifolds are 

ab ^ab 

T a =o = T g/h{v>m = 2k + Q 22 : J <J) J KJ) : ~ 2 ±k + Q ^ : J " J * ' 
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rp _ rfi _ V \^ \^ . j(r) f(-r) . 



ab * 

-^nEE^^r': (5.6b) 

1 1 

c(cr) = c = Axdimg( — -) (5.6c) 

x + h -x + h 

v 

A (a) = [ PW-\ - tpL (5.6d) 



For the sectors with p(er) = A, the stress tensors of these orbifolds were given in Ref. |i~T 
where they were called T Sx /„. 

5.2 All g and A for 77 = 1 and $ = {0} 

To illustrate our formalism, we include a discussion of the special case 77 = 1 of the previous 
example 



1 5x k ' 



(5.7) 



which was also discussed in Ref. [0. The h currents of these orbifolds are 

A-l 

h(l, {0}) = 0diag = Qxk : = J2 MJ) = Ja aS , ^ = (5.8a) 

J=0 

Ml, {0}, a) : J a *=°>(-o) = £ J%, a = 1, A - 1. (5.8b) 

j=0 

The untwisted h currents J^ =0 generate the diagonal subalgebra Q Xk of the ambient algebra 
g and the twisted h currents J<f ~°'( r ~°) generate the diagonal subalgebra of the integral affine 
subalgebra0 of the ambient orbifold affine algebra Q p ( a \ ■ 

The stress tensors, central charges and ground state conformal weights of these orbifolds 

are 

ab 1 j 

t =0 = T 9/h{1M) = t^tq E : J «« J »« : -^g : J * =0JbR= ° : (5 ' 9a) 
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ab P(°)- 1 p(°) 1 

l^o-l Sp{a) /h(i, { o M ~ 2 p(a)k + p(a)Q ^ ' W*Cf) ' 

2Xk + Q- Ja Jb ■ (5Jbj 

c(a) = c = Axdinig( — — —=-) (5.9c) 

x + h \x + h 



Ma) = S 1 (1-^), a = l,...,\-l- (5.9d) 



Axdimg 1 

24(z + /i) pV) 

In this case the conformal weights are those of T a , . in (14.81) because the integral affine 
subalgebra {</^} actstM on 10), as an ordinary affine algebra. 
In the twisted sector a = 1, we have 

= = A, #W^, Jf*.(^) = j0» (5.10) 

so the stress tensor simplifies to 

f i - f i - V V ■ /W 7 ( ~ r) ■ ^ ■ /(o) - fK ill 

r=0 



These are the Kac-Wakimoto coset constructions, given in Ref. |19| and further studied in 



Ref. [20 



5.3 All q for A = 4, rj = 2 and $ = {0} 

Another special case of ( |5.3|) is 

B2fcX02fc . (5.12) 
Z 4 v ; 

These orbifolds have A = 4 sectors labeled by a = 0, 1, 2 and 3 with p(0) = 1, p(l) = p(3) = 4 

and p(2) = 2. The ambient algebra of the untwisted sector a = is g = x^g 7 , and the 

generators of the untwisted h subalgebra 

h(2,{0},a = 0) = h(2,{0})cg (5.13) 

are the combinations 

Ja~° — Ja(0) + Ja(2), J a ~ X = Ja(l) + Ja(3)- (5-14) 

These generate the h subalgebra Q 2 k x 02fc i* 1 ( |5. 12| ) . 
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The sectors a — 1 and o = 3 both have order p(a) = 4 and fi = 1, and iV(<7 = 1) = 
1, N(cx = 3) = 3. The ambient orbifold affine algebra in these sectors is g A=4 on simple g, 
and the twisted h subalgebras are isomorphic 

h{2, {0}, a = 1) = h{2, {0}, a = 3) C 0A=4 (5.15a) 

jH=0,(r= 0) = J(0) ; jK=Hr=D = j(2). (5 . 15b) 

The explicit form of this twisted h subalgebra is 

[Jt Ur \rn + r -)J^ s \n + S -^ (5.16) 
= ifa b C jt°> {r+S \™ + n + 1±£) + 2k(m + r -)Va b S m+n+ ^ 
where r and s can be or 1. This is the orbifold affine subalgebra called g 2 C g A=4 in 



Ref. [11 



Finally, the sector o = 2 has order p(cr = 2) = fx = 2 and iV(cr = 2) = 1. The ambient 
orbifold affine algebra is 2 = 02 x 02 ( see ( P-4e|) ), and the twisted h subalgebra 

h(2,{0},a = 2)cg 2 = g° 2 xg 1 2 (5.17) 

is generated by 

fR=0,(r=0) _ f(0) fR=l,(r=0) _ f(0) /r i o\ 

J a — J a(0)' J a ~~ J a(l)- lO.XOj 

This is the integral affine subalgebra0 of g 2 . 

The stress tensors, central charges and ground state conformal weights of these orbifolds 

are 

T a =o = Tg/ h (2,{o}) = 2k+Q j-^ ' Ja W Jb M '■ ~ 4k+Q ' J ^ + J a =l J b =l ) ■ (5.19a) 

, ri ab 

t = i = t=s = f S4/g2 = ^^^J^J^ + J^J^ + J^J^ + J^J^)^ (5.19b) 

'I . 0R=O,(r=O) jR=0,(r=0) + jR=0,(r=l) jR=0,(r=l)^ . 



8k+2Q 



f -f , , r , s '/ . I f(0) f(0) , 7(1) ?(-l) , f(0) f(0) 5(1) ?(-lh . /k -1 Q \ 

J-u=2- J S2 // l (2,{0},2) - TTT^O • ^a(0) J b(0) + J a(0) J b(0) + J a(l) J 6(l) + J a(l) J 6(l) J ' lO.iyCj 



Ak+2Q 

. ^jR=0,(r=0) jR=0,(r=0) + j R=lj ( r=0 ) jR=l,( r =0)^ 



4:k+Q 
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1 1 

c(a) = c = 4xdini0( -) (5.19d) 

x + h 2x + h 

A (a= 1, 3) = xdim [— * - — ^-~d, A (<x = 2) = (5.19e) 

32{x+h) 8(2x + h) 8(x+h) 

5.4 q =SU(2) for A = 3, 77 = 1 and {0(a) = 1} 
This interacting coset orbifold 

- 1 (5.20) 

has three sectors labeled by a = 0, 1 and 2 with p(0) = 1 and p(l) = p(2) = 3. We need the 
integers N(a = 1) = 1, N(a = 2) = 2, and for each of these sectors \x = 1 because 77 = 1. 
As noted below Eq. fl2.15|) , the untwisted currents of h(r) = 1, {0(a) = 1}) 

H R=0 = F (0) + + if (2) (5.21a) 

E R =° = £ ±a(0 ) + e ±2 -?E ±a{1) + e^E ±a(2) (5.21b) 

generate SU(2) 3 j.' at level 3fc. 

The twisted currents of = 1, {0(a) = 1}, cr = 1) are 

£R=0,(r=0) = ^(0) ; ^.(r=0) = £(±1) ^ 22&) 

[H R =^ r=0 \m), # fl=0 ' (r=0) (n)] = 3A;m5 m+n , (5.22b) 

[H R =°^=°\m), E2:°' {r= °\n ± 1)] = ±a£f:°' (r=0) (m + n ± i) (5.22c) 

[Ef:°' (r=0) (m ± ~), ^:°' (r=0) (n =F i)] = ±ai^=°>=°)(m + n) + 3A;(m ± \)5 m+nfl (5.22d) 
and the twisted currents of h{j] = 1, {0(a) = 1}, a = 2) are 

i^=o,(r=o) = Ef:°' (r=0) = (5.23a) 

[^ =0 '( r =°)(m), F K=0 ' (r =°)(n)] = 3£;m5 m+ ™,o (5.23b) 

[^=o,(,=o )(m); ££0,M (n zp 1)] = ±aE*: >^ \m + n ± i) (5.23c) 

[Ef:°' (r=0) (m T i),^:°' (r=0) (n± ^)] = ±a^= ^=°)(m + n) +3A;(m T i)5 m+n , . (5.23d) 

The twisted ft, subalgebras of sectors a = 1 and 2 are inner-automorphically twisted affine 
Lie algebras on simple g, as are all the twisted h subalgebras with d 7^ and 77 = 1. 
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This gives the following stress tensors, central charges and ground state conformal weights 
in each sector o: 

1 2 

fa=o = T g/h{1) {i}) = 2k - ^ : ( H {i) H (i) + E a{I) E_ a{I) + E_ a{I) E a{I) ) : 

1 . {h b=o h r=o + E R=o E R=o + E^°E*= ) : (5.24a) 



Qk + 2a 2 

t =1 = _ f ^^:(^(0^(-) + sW^) + ^(-)): (5.24b) 

r=0 

_ _ . / rri),=0,(r=0) ufi=0,(r=0) , pfi=0,(r=O) pfl=O,(r=0) , r,fl=0,(r=0) pfi=0,(r=0)\ . 

Qk + 2a 2 ' { a & ^ a ■ 



t= 2 = ^^£:(# (r) # ( - r) +^ ( 5 - 24c ) 



r=0 

\ . I frR=0,(r=0) frR=0,{r=0) , pil=0,(r=0) fiR=0,(r=0) Ait=0,(r=0) AR=0,(r=0)\ . 

6A; + 2« 2 ' 1 a a a J ' 

c(cr) = c = 9:r( — — ) (5.24d) 

v ; K x + 2 3x + 2 J K ' 

A («7 = l) =Ao(«7 = 2) = -[— — ]. (5.24e) 



5.5 g =SU(2) for A = 4, 77 = 2 and {0(a) = 1} 
Finally, we discuss an example with a doubly-twisted h subalgebra 



- SU(2) k xSU(2) k xSU(2) k xSU(2) k ■ 
SU(2) 2k 'xSU(2) 2k > 



Z 4 

In this case, the untwisted currents Jh(r),$) 



(5.25) 



H R=0 = H, 0) + H, 2) , H R=1 = H {1) + H {3) (5.26a) 



! (0) t" £1(2), n = £1(1) -T £1(3) 

lR=0 _ 771 771 irR=l 



E±a = E±a(0) - E± a ( 2 ), E ±a = E ±a (i) - E± a ( 3 ) (5.26b) 

generate the algebra SU(2) 2 fc'xSU(2)2fc', which consists of two commuting copies (labeled by 
R—1,2) of an affine SU(2) at level 2k. Note the sign differences in ( |5.26b| ) relative to those 
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of the example in Subsec. |5.3| . The form of the stress tensor of the untwisted sector 

1 3 

T a =o = T g/h{2i{1}) = 2fc - 2q2 ^2 : ( H ti) H ii) + E a (i)E- a {i) + E^ a{I) E a{I) ) : 

" JT^J2 : ( HRHR + E ^ + E R a ES)-. (5.27) 

is not affected by these signs. 

We focus on the twisted sector a = 1 with ambient algebra p(cr=1 ) = 4 and N(a = 1) = 
(A = P = 1. The twisted currents of h(rj = 2, {</>(«) = 1}, a = 1) are 

£ii=0,(r=0) = ^( 0)) #fl=0,(r=l) = £(2) (5-2 g a) 

£*=0,(r=0) = ^0,(r=D = £(3)_ (5>2gb) 

These satisfy the doubly-twisted subalgebra 

(m + £), H R =°^(n + S -)] = Ak(m + ^ m+n+ ^,o (5.29a) 

[H^(r) {m + r _ ): E*?M( n + t±l)] = ± a E*: < r+s \m + n+ (5.2%) 
[^ > W (m + ^) ) ^(n + i^i)] (5.29c) 



±aH R =^ +s \m + n+ L±£) + 4k(m + ^)<5 m+ n + ^,o 



with order 2 and level 4fc. The stress tensor, central charge and ground state conformal 
weight of this twisted sector are 

t=i = ^^it'-iH^H^ + EP^ (5.30a) 
8k + scr ' 

r=0 

: (^=0-(O^=0,(O + ^=0,(r)^=0,(r) + ^=0Xr)^0 ! (r-) ) . 



8fc + 4a 2 

r=0 



c(,= l)=c=12x(^-^-L_) (5.30b) 
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Note that A (a = 1) in (|Q0c|) is not the same as A (a = 1) in (|519e]) for g =SU(2). The 
two situations differ only in that the inner-automorphic vector d 7^ for the present example. 

The sector a = 3 contains another doubly- twisted h subalgebra similar to ( |5.28 ) and 
the twisted h subalgebra of sector a = 2 consists of two commuting copies of an inner- 
automorphically twisted affine SU(2) at level 2k. 
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Appendix A. (0,0) operators in cyclic coset copy orbifolds 

In this appendix, we find the twisted (0,0) operators (which are the twisted h currents) in 
the simpler case of the cyclic coset copy orbifoldsBl!00000'lll 

x&S (fl/WVZA. (A.l) 

The stress tensors in the untwisted sectors of these orbifolds are sums of A commuting copies 
of the coset construction g/t), t) C g. The Lie algebras involved here are 

<7=x*- o y, g T ^g; h = x^h 7 , i) 1 = i) C g (A.2) 

and the ambient affine algebra is still given by (|2.2|) . The embedding of the untwisted h 
currents Ja(i) i n the untwisted g currents J a m is 

J A {i){z) = M A a J a{I) {z) (A.3a) 

A = 1, ...,dimh, a = 1, ...,dimg, J = 0,...,A-1 (A. 3b) 

where MJ 1 is the embedding matrix of f) C g. 

In this case, the induced action Q of (permutation) on the untwisted h currents 

Ja(i){z) ' = ^ij{K)Ja{J){z) = J A {i+a){z), n(h a ) = uj(h a ), a = 0,...,\-l (A.4) 

is the same as the action u in Eq. ( p.3[ ) on the g currents. This follows because the embedding 
matrix M A a does not mix values of the index I. Then the duality transformations of Ref. 
tell us that the twisted h currents J^L\ are the same linear combinations^ of the currents of 
d That is, M(a) = M in the language of Subsec. 
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the ambient orbifold affine algebra g p f a \ 

= M/j^z), J^ize™) = e-^J^iz) (A.5a) 

^W^^^CSpW ( A - 5b ) 



Here each fj^s is a copy of an order p(cr), level p(cr)k orbifold affine algebra on simple f). 
For these orbifolds, the stress tensor of sector a is@ 

^WW) (*) = ^) _ ^W) ( A - 6a ) 

f M = 1 -H Y Y : J {r ( Uz)J { -:\z) : (A.6b) 
9p(CT)V ; p(a)2k + Q a ^ ^ a(j)V ; b( - j) K J K J 

A i 

i AS Pi ")- 1 p(^) 

where the untwisted sector is recovered when a = and hence p(a = 0) = 1. The coset 
central charge and the ground state conformal weight of each sector cr are§ 

dimg rdimf) ~ c /h 1 

c S p( CT) /W) = c ^ = s( ~T TT^ A ° ((t) = ~ (A ' 7) 

Xn + Zln rXa + hu 24 



where r is the index of embedding of f) in g. The twisted h currents JaIa\ in (|A.5a|) are 



'Mi) 

twisted (1,0) operators of both stress tensors T g and T^, , and so they are twisted (0,0) 
operators in each sector of each cyclic coset copy orbifold. 

Appendix B. Induced action of 7h\ (permutation) 



To obtain the induced action (|2.12 ) of the Z\ automorphisms on the untwisted h currents 



Jh(r),$), start with Eq. (|2.9a|) and follow the steps: 



2irij<p(a>) 



E* ' = 22 e ^ r E <*(m+R+*) ( B - la ) 

3=0 

R + a = r l [?^-\ +S, SE {0, ...,r7 - 1} (B.lb) 

e« = e ^^a +L ^]) + « + s) ( B - lc ) 

3=0 
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(B.ld) 



A_]_| R+cr 

2^ e e x /» E a{vj+S ) 



E. 



R i 



e £?f = e" 



X7^5 E R+a 

a 



(B.le) 



The induced action on the Cartan generators in fl2.12| ) follows similarly without the phases. 
The reader may find the identities 



5 



-s+j-2,0 mod n "j'-i.O mod M"s+(^).P,0 mod 2 



P-1 

£ 

s=0 



-TriNrs p 



27riJVr(i-i)P 



5 r ,0 mod p 



(B.2a) 
(B.2b) 



useful in obtaining Eq. (|4.9|) . 



Appendix C. Ambient-algebraic form of the stress tensors 

We collect here the stress tensors T and T of the class of interacting cyclic coset orbifolds 



A-l 



T g /h(T),$) = E £ a(J)b(i) : J a {j)Jb(L) a = (C.la) 

J,L=0 

t^/K***) = E E : J S)4 r) : ' * = L ■■■> A - 1 (°- lb ) 

a, 6 = 1, dimg (C.lc) 

discussed in the text. Here L and £ are the inverse inertia tensors related by the duality 
transformations^ in Eq. (|4.2b|) , and J a (i), jj^ are the currents of the ambient algebras g and 
5 P (a) respectively. 

Combining Eqs. ( |2.16| ) and ( |2.18|) , one finds 

A-l 

T 9/H^) = E : (L A(J)BiL) H A{J) H BiL) + L a ^^E a{J) E m ) : (C.2a) 

J,L=0 

sJL r 

j^A( J)B(L) _ fiAB / OJ-L,0 mod ,q 2^^) 

l 2fc + g 2±k + Q ' K ' ' 
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A,B = l,...,rank0, a,/3eA(g) (C.2d) 
for the untwisted sectors. Similarly, combining ( |4.8| ) and (|4.9|) , one finds 



f^MvM = £ : {CWW{a)H<faH$ + C^H*)^^) ■ (C3a) 



Xi = ^Pr, X2 = {j-i)^)[i-JL ]+ i=L N p r (C.3d) 

for the twisted sectors. Here we have suppressed the a and 77 dependence of p = p(cr), 
N = N(a), p = p(r], a) and P = P(r), a). 
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